Abstract. In this paper, the concepts of complex strongly extreme point and complex midpoint locally uniform rotundity in complex Banach spaces are introduced. It is proved that every complex strongly extreme point is a complex extreme point and every complex locally uniformly rotund point is a complex strongly extreme point. Moreover, criteria for complex strongly extreme points of the unit ball and complex midpoint locally uniform rotundity in complex Musielak-Orlicz sequence spaces are given.
Introduction
Let (X, · ) be a complex Banach space over the complex field C, and let B(X)and S(X) be the closed unit ball and the unit sphere of X, respectively. The same notations are used for real Banach spaces defined bellow. In the sequel N and R denote the set of natural numbers and the set of real numbers, respectively.
In the early 1980's, much work in the area of the geometry of Banach spaces was directed at the complex geometry of complex Banach spaces. It is well known that the complex geometric properties of complex Banach spaces has applications in various branches of knowledge, among others in Harmonic Analysis Theory, Operator Theory, Banach Algebras, C * -Algebras, Differential Equation Theory, Quantum Mechanics Theory and Hydrodynamics Theory. It is also known that the strongly extreme points which connect with the midpoint locally uniform rotundity of the whole spaces, are the most basic and important geometric points in geometric theory in Banach spaces.
The notion of complex rotundity was introduced by Thorp and Whitley in [13] , where they showed that the complex space L 1 [0, 1] is complex strictly rotund. Next Globevnik [7] introduced the notion of complex uniform rotundity. Moreover, he showed that the complex space L 1 [0, 1] is also complex uniformly rotund. Davis, Garling, and Tomczak-Jaegermann [4] introduced the notion of uniform PL-convexity as a complex analogue of uniform convexity in real Banach spaces. Wu and Sun [13] gave criteria for complex extreme points, complex strict rotundity and complex uniform rotundity in complex MusielakOrlicz spaces. Wang and Teng [17] introduced the concepts of complex locally uniformly rotund points and complex locally uniform rotundity and gave criteria for them in complex Musielak-Orlicz spaces. Hudzik and Narloch [9] have observed that a real Köthe function space is strictly monotone if and only if its complexification is strictly complex convex. For more details on the development of the complex geometry of complex Banach spaces, we refer to [11] .
The aim of this paper is to introduce the concepts of complex strongly extreme points and complex midpoint locally uniform rotundity for complex Banach spaces, and to give criteria for them in complex Musielak-Orlicz sequence spaces equipped with the Luxemburg norm. Moreover, we find that for any complex Musielak-Orlicz sequence space l M complex strongly extreme points of the unit ball B(l M ) and complex midpoint locally uniform rotundity of l M coincide, respectively, with complex locally uniformly rotund points of the unit ball B(l M ) and complex locally uniform rotundity of l M . We also prove that every complex strongly extreme point is a complex extreme point and every complex locally uniformly rotund point is a complex strongly extreme point in general complex Banach spaces.
Before starting with our results, we need to recall some notions.
A point x ∈ S(X) is said to be a complex extreme point of B(X) if for every non-zero y ∈ X there holds max |λ|=1 x + λy > 1. A complex Banach space X is said to be complex strictly rotund if every element of S(X) is a complex extreme point of B(X).
A point x ∈ S(X) is said to be a complex locally uniformly rotund point of B(X) if for any ε > 0, there exists δ = δ(x, ε) > 0, for every non-zero y ∈ X with y ≥ ε, there holds max |λ|=1 x + λy ≥ 1 + δ. A complex Banach space X is said to be complex locally uniform rotundity if every element of S(X) is a complex locally uniformly rotund point of B(X).
Let (X, · ) be a real Banach space, x ∈ S(X), ε ≥ 0, then we consider the following moduli:
It is easy to see that Δ(x, ε) is a nonnegative and non-decreasing function with Δ(x, 0) = 0, and it is known that x is a strongly extreme point of B(X) if and only if Δ(x, ε) > 0, for every ε > 0(see [6] ).
A mapping Φ : R → [0, ∞] is said to be an Orlicz function if it is even, convex left-continuous on [0, ∞), Φ(0) = 0 and Φ(u) < ∞ for some u > 0(see [2, 12] ). A sequence M = (M j ) of Orlicz functions is called a Musielak-Orlicz function(see [12] ). We associate with this function two sequences (e j ) and (E j ), where
We say a Musielak-Orlicz function M = (M j ) satisfies the δ 
holds for all j ≥ j 0 and u satisfying M j (u) ≤ a(see [12] ).
Let (X, · ) be a complex Banach space over the complex field C, set
and the complex Musielak-Orlicz sequence space
with Luxemburg norm
is a Banach space. Let B(l M ) and S(l M ) be the closed unit ball and the unit sphere of l M , respectively.
General Results
We begin this section by introducing some definitions.
Definition 1 Let (X, · ) be a complex Banach space over the complex field C, a point x ∈ S(X) is said to be a complex strongly extreme point of B(X) if for every
It is not difficult to see that Δ c (x, ε) is also a nonnegative and nondecreasing function with Δ c (x, 0) = 0 for fixed x ∈ S(X).
Definition 2 A complex Banach space X is said to be complex midpoint locally uniformly rotund if every element of S(X) is a complex strongly extreme point of B(X).
Remark 1. If X is a real Banach space, x ∈ S(X), it is known that x is a locally uniformly rotund point of B(X) ⇒ x is a strongly extreme point of B(X) ⇒ x is a extreme point of B(X). Now we will show that the above relations among these points also exist in general complex Banach spaces.
Theorem 1 Let (X, · ) be a complex Banach space, suppose that x ∈ S(X) is a complex strongly extreme point of B(X). Then x is a complex extreme point.
Proof. Assume that x is not a complex extreme point. Then there exists y ∈ X with y = 0 such that max |λ|=1 x + λy = 1. Take ε 0 = y > 0. Since max |λ|=1 x+λy = 1 implies x±y ≤ 1 and x±iy ≤ 1, we get Δ c (x, ε 0 ) = 0 which contradicts the assumption that x is a complex strongly extreme point. , ∃y 0 ∈ X with y 0 ≥ ε 0 such that λ 0 x ± y 0 ≤ 1 and λ 0 ix ± y 0 ≤ 1. It follows that
It follows that max |λ|=1 x + λτ 1 < 1 + η which contradicts x is a complex locally uniformly rotund point.
2
Before we give criteria for complex strongly extreme points and complex midpoint locally uniform rotundity in Musielak-Orlicz sequence spaces, let us recall some useful lemmas. For convenience, from now on, we write
Lemma 1 (see [17] ) Let (X, · ) be a complex Banach space, x, y ∈ X, if
Lemma 2 (see [17] 
Now, we are ready to prove a theorem which shows that for any MusielakOrlicz sequence space l M complex strongly extreme points of B(l M ) coincide with complex locally uniformly rotund points of B(l M ) and gives criteria for them in the Musielak-Orlicz sequence space l M equipped with the Luxemburg norm.
Theorem 3 For x ∈ S(l M ) the following assertions are equivalent:
A. x is a complex locally uniformly rotund point. B. x is a complex strongly extreme point.
, where y = y (1) + y (2) , y
k=±1,±i
Proof. By Theorem 2, the implication (A) ⇒ (B) is trivial. (B) ⇒ (C). If (C-i) is not true, then there exists the number
Set y : y(j 0 ) = bθ, y(m) = 0(m = j 0 ), where θ ∈ S(X), m ∈ N. It is obvious that y = 0. However,
holds for all λ ∈ C with |λ| ≤ 1. This implies x+λy M ≤ 1 which contradicts x is a complex extreme point of B(l M ). If (C-ii) does not hold, then there exists the number j 0 ∈ N such that x(j 0 ) < e(j 0 ). Take 
for any λ ∈ C with |λ| ≤ 1. It follows that x + λy M ≤ 1, this shows that x is not a complex extreme point of B(l M ).
If (C-iii) is not true, then there exists ε 0 > 0, for any n ∈ N, there exists y n ∈ l M such that y
, where y n = y (1) n + y (2) n , y (1) n = j∈An y n (j)ξ j , y (2) n = j ∈An y n (j)ξ j , and
By Lemma 1, we get max |λ|≤1 x(j) + λ 2 y n (j) ≤ (1 + 13
. Set
, it is clear that |λ n | → 1. Noticing that
for all n large enough , pick λ = ±1, ±i, we have c (x, . Hence, we get y
we have
It follows that max k ρ M ( x+ky 1+δ ) = ∞ which implies max k x + ky M ≥ 1 + δ. Thus, x is a complex locally uniformly rotund point.
Next we assume ρ M (x) = 1. If the assertion does not hold, then there exists ε 0 > 0, for any η > 0, there exists 0 = y ∈ l M with y M ≥ ε 0 such that max |λ|=1 x + ky M < 1 + η. For given ε 0 > 0, by (C-iii), there exists δ > 0, for above 0 = y ∈ l M , there holds y
. Now we consider the following two cases. Case I. j ∈A M j ( x(j) ) = 0. In this situation, we have
Take η small enough such that 1+δ 1+η > 1, then
Let η → 0, we can get a contradiction:
In this case, we can see that M j ( x(j) ) = 0 for any j ∈ A. By (C-ii), we have x(j) = e j for any j ∈ A. Hence, for above δ > 0,
Take η small enough such that
, then
Let η → 0, we get a contradiction:
Thus, we finish the proof of Theorem 3. 2
Corollary 1 l M is complex locally uniformly rotund if and only if it is complex midpoint locally uniformly rotund.

An immediate consequence of Theorem 3 is
Theorem 4
The following conditions are equivalent:
Proof. 
